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Tunable resonant transmission of electromagnetic waves through a magnetized plasma

Chul-Sik Kee, Shou-Zhe Li, Kihong Kim, and H. Lim*
Department of Molecular Science and Technology, Ajou University, Suwon 442-749, Korea

~Received 11 December 2001; revised manuscript received 5 September 2002; published 21 March 2003!

We theoretically investigate the resonant transmission of circularly polarized electromagnetic waves in the
electromagnetic stop band of a magnetized plasma slab using the invariant embedding method. The frequency
and quality factor of the resonant mode for the right-handed~left-handed! circularly polarized wave created by
inserting a dielectric layer into the plasma increase~decrease! as the magnitude of the external magnetic field
increases. These phenomena are compared with the characteristics of resonant modes in metallic and dielectric
Fabry-Perot resonators to show that they are due to the change of plasma reflectivity. We also discuss the
damping effect due to the collisions of the constituent particles of the plasma on the resonant transmission of
circularly polarized waves.
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I. INTRODUCTION

Electromagnetic~EM! stop bands, the frequency ranges
which EM waves are forbidden to propagate, can be form
by multiple Bragg reflections in structures where the refr
tive index or the wave impedance varies periodically
space@1–3#. These stop bands are called photonic band g
~PBGs! and the periodic structures that display PBGs
called photonic crystals@1,2#. By introducing defects into the
photonic crystal and thereby breaking its periodicity loca
one can create defect levels within the PBG. EM waves w
frequencies corresponding to the defect levels are allowe
propagate through a photonic crystal of finite size@4#.

It is possible to create a PBG in a desired frequency ra
by designing a photonic crystal in an appropriate mann
The defect frequencies can also be selected by designing
shape and size of local defects. In some special cases,
the PBG and defect frequencies can be tuned by varying
dielectric permittivitye or magnetic permeabilitym of the
constituent materials. This can be achieved by changing
temperature@5,6# or by applying an external electric@7# or a
magnetic field@8#. Many interesting ideas have been pr
posed in improving the performance of optoelectronic a
microwave devices using tunable photonic crystals@9,10#.

There exist another group of EM stop bands of wh
formation has nothing to do with the periodicity of media.
representative example is the stop band for circularly po
ized EM waves propagating parallel to the external magn
field in a magnetized plasma@11#. The dielectric constants o
a magnetized plasma for right-handed circularly polariz
~RCP! and left-handed circularly polarized~LCP! waves,
eR(v) andeL(v), respectively, are given by@12#

eR~v!512
vp

2

v~v2vc1 i /t!
,

eL~v!512
vp

2

v~v1vc1 i /t!
, ~1!
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wherevp(5A4pnee
2/m'5.643104Ane Hz) is the plasma

frequency with the electron densityne in units of cm23,
vc(5eB/mc'1.763107B Hz) is the cyclotron frequency
with the magnetic fieldB measured in Gauss, andt is the
collision time of electrons. The characteristic frequencies
in the microwave range for common laboratory conditio
@11#, e.g.,vp.50 GHz forne.1012 cm23 andvc. 20 GHz
for B.103 G. In a collisionless plasma witht2150, eR(v)
is negative for frequencies betweenvc and

vR5
Avc

214vp
21vc

2
~2!

andeL(v) is negative whenv is smaller than

vL5
Avc

214vp
22vc

2
. ~3!

As is well known, EM waves incident from a vacuum a
totally reflected and do not propagate in a medium if
dielectric constant is negative. Thus in the frequency ra
vc,v,vL , EM waves cannot propagate along the dire
tion of B in a magnetized plasma. We will call this frequen
range as thenatural PBG. Clearly, this gap is easily tunab
by an external magnetic field.

From Eq.~1!, one can easily see that the dielectric co
stant of a plasma behaves as a Drude-type dielectric func
of a metal when the magnetic field is zero (vc50). This fact
suggests that the transmission characteristics of a diele
layer inserted in the center of a plasma slab~Fig. 1! would be
similar to that of the dielectric layer inserted between the t
metal plates, i.e., a metallic Fabry-Perot~FP! resonator. In
general, the reflectivity of the metal film in a metallic F
resonator influences the quality~Q! factor and the resonan
frequency of the resonator. Since the variation of the diel
tric constant of a plasma due to the change of external m
netic field changes the reflectivity of a plasma slab in
natural PBG, the frequency and theQ factor of a resonant
mode in the dielectric layer inserted into the plasma slab
be controlled by an external magnetic field.

In this paper, we investigate theoretically, using the
variant embedding method@13#, the transmission characteris
©2003 The American Physical Society12-1
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tics of the resonant modes created by inserting a dielec
layer in the center of a magnetized plasma slab. We
show that the resonant frequency and theQ factor of an RCP
~LCP! wave increase~decrease! as the magnitude of the ex
ternal magnetic field increases. The characteristics of
RCP and LCP resonant modes are compared with thos
corresponding resonant modes in metallic and dielectric
resonators. The damping effects due to electron collision
the plasma on the transmission characteristics are also
cussed.

II. MODEL AND COMPUTATIONAL METHOD

We consider a monochromatic EM wave of frequencyv
and vacuum wave numberk05v/c, wherec is the speed of
light in a vacuum, impinging normally on a layered mediu
lying in 0<z<L. Then the complex amplitude of the ele
tric field, E5E(z,v), satisfies the one-dimensional Helm
holtz equation

]2E

]z2
1k0

2e~z,v!E50, ~4!

where the dielectric permittivitye(z,v) is assumed to be
equal to 1 forz,0 and z.L. For a plane wave of uni
magnitudeE(z)5eik0(L2z) incident from the right, the re-
flection and transmission coefficientsr 5r (L,v) and t
5t(L,v) are defined by the wave function outside the m
dium:

E~z,v!5H eik0(L2z)1r ~L,v!eik0(z2L), z.L

t~L,v!e2 ik0z, z,0.
~5!

Exact differential equations satisfied byr and t can be ob-
tained using the so-called invariant embedding meth
@13,14#:

FIG. 1. Schematic drawing of a magnetized plasma slab
which an additional dielectric layer is inserted at the center. T
plasma slab is assumed to be contained between two thin gla
The circularly polarized EM waves impinge on the slab plas
from the right parallel to the applied magnetic field.
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]r

]L
52ik0r 1

ik0

2
@e~L,v!21#~11r !2,

]t

]L
5 ik0t1

ik0

2
@e~L,v!21#~11r !t. ~6!

By solving these equations numerically with the initial co
ditions

r ~L50,v!50, t~L50,v!51, ~7!

we are able to obtain the reflectanceR5ur u2 and the trans-
mittanceT5utu2 as functions ofL andv for various kinds of
stratified media with complex dielectric constants@14#. In the
present work, we compute the transmittances of RCP
LCP waves propagating parallel to the external magn
field B5Bz in a magnetized plasma. We usedvp550 GHz
(ne50.7931012 cm23) as the numerical value of the plasm
frequency. The total width of the plasma in thez direction,
2d, is taken as 40 mm. We also varied the thickness
plasma slab to see the influence of plasma thickness on
coupling of resonant mode with the external source. The
electric constant and the thicknesst of thin glasses that sur
round both sides of the plasma were taken as 2.25 and 4
respectively. Another glass layer of 7 mm thickness was
sumed to be inserted in the center of the plasma to cr
resonant modes.

III. RESULTS AND DISCUSSION

To check the validity of the invariant embedding metho
we have compared in Fig. 2 the dispersion relation betw
v and k obtained from Eqs.~1! and ~4! for a magnetized
plasma with the transmission spectra obtained by the inv
ant embedding method. We assumed that the plasma
lossless andvc510 GHz (B.570 G). We can easily se

n
e
es.
a

FIG. 2. Dispersion relation betweenv andk ~left! and the trans-
mittance ~right! of RCP ~solid lines! and LCP~dashed line! EM
waves propagating parallel to an external magnetic field throug
magnetized plasma. The parameters used in the calculation arvc

510 GHz (B.570 G), vp550 GHz (ne.0.7931012 cm23), d
54 mm, andt2150. The total thickness of the plasma and t
dielectric constant of the surrounding glasses are 40 mm and 2
respectively. The arrows denotevc ,vL , and vR and the capital
lettersR andL represent the RCP and LCP waves, respectively
2-2
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that the two results are fully consistent: the magnetiz
plasma has a common stop band for both RCP and L
waves for the frequencies betweenvc andvL . The oscilla-
tory behavior of the transmission spectra outside the nat
PBG region is due to the finite thickness of the medium. T
transmittance peaks~valleys! occur at the frequencies fo
which the thickness is equal to an even~odd! multiple of the
corresponding quarter wavelengths.

In Fig. 3~a!, we show the simulated transmission spec
of RCP~top! and LCP~bottom! waves propagating through
plasma slab with a glass layer of 7 mm thickness in its ce
~Fig. 1!, for four values of the cyclotron frequencyvc50, 5,
10, and 15 GHz. We can notice that the inserted dielec
layer creates allowed transmission modes~i.e., the resonan
modes! inside the natural PBG. We also observe that
frequency and theQ factor of the RCP~LCP! resonant mode
increase~decrease! asvc increases. In Fig. 3~b!, we plot the
dependence of the RCP~solid circles! and LCP~open circles!
resonant frequencies on theB field. Both the edge frequen
cies of the reflection band~solid lines! and the resonant fre

FIG. 3. ~a! Calculated transmittance for RCP~top! and LCP
~bottom! waves when the thickness of the central glass layer
mm and vc50, 5 GHz ~solid!, 10 GHz ~dashed!, and 15 GHz
~dotted!. Other calculation parameters are identical to those e
ployed in Fig. 2.~b! Dependence of the resonant frequencies
RCP ~solid circle! and LCP~open circle! waves and the edge fre
quencies of the reflection band for RCP waves~solid line! and the
cutoff frequency for LCP waves~dashed line! on vc . The natural
PBG appears between the dashed line and the bottom solid lin
03661
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quencies for the RCP wave are increasing functions ofB. On
the contrary, the cutoff frequency~dashed line! and the reso-
nant frequency for the LCP wave are decreasing function
B. A natural PBG is formed between the dashed line and
bottom solid line. The width of PBG,Dv5vL2vc , shrinks
asB increases and vanishes whenvc5vp /A2.

The behavior of theQ factor and the resonant frequenc
of RCP and LCP resonant modes can be understood from
dependence of the reflectivity of a plasma onB for the RCP
and LCP waves. The reflectivity of a magnetized plasma
the RCP~LCP! waves increases~decreases! as B increases,
since the absolute value of the negative dielectric permit
ity in the frequency range of the natural PBG increases~de-
creases! as B increases. As mentioned above, the dielec
layer inserted into the middle of the plasma slab acts lik
metallic FP resonator whenB50 as long as the resonan
mode in the dielectric slab can couple with the external E
waves. The Q factor of a metallic FP resonator increase
the reflectivityR of the metal is increased because it is pr
portional toAR/(12R) @15#. Thus theQ factor of the reso-
nant mode in the dielectric layer inserted into the middle
the magnetized plasma should increase as the reflectivit
plasma increases. From these, it is evident that the incr
~decrease! of theQ factor of the RCP~LCP! resonant modes
of the dielectric layer in the magnetized plasma with t
increase ofB is due to the increase~decrease! of plasma
reflectivity with the increase ofB.

This behavior ofQ factor discussed in the precedent pa
graph suggests that the movement of resonant peaks w
also be related to the change of plasma reflectivity. This c
jecture can be clarified by investigating the change of tra
mission peaks in a dielectric FP resonator consisting of
parallel dielectric mirrors. These mirrors, the so-called d
tributed Bragg reflectors~DBRs!, are quarter-wave stacks o
alternating dielectric materials with different refractive ind
cesn1 andn2 (n1,n2). As n1 decreases, the reflectance
DBR increases, and so does theQ factor of a dielectric FP
resonator. The central dielectric medium between the
DBR mirrors corresponds to a defect in view of on
dimensional~1D! photonic crystals. And the resonant mod
formed inside the FP resonator corresponds to the de
mode formed in the reflection band of the DBRs. The re
nant transmission due to the central defect between two id
tical 1D photonic crystals has been attributed to the reson
tunneling of EM waves through the optical barriers@16#. The
EM wave whose frequency lies within the photonic band g
is evanescent in the photonic crystal, as the EM wave
evanescent in the optical barrier@17,18#. Hence, for the reso-
nant mode, a dielectric FP resonator can be regarded a
optical system consisting of a central resonator and the
rounding barriers@15#, as the dielectric layer inserted in
magnetized plasma slab can. Thus even if the reflec
mechanism of the magnetized plasma is different from t
of the DBR, the cavity surrounded by the magnetized plas
and the cavity surrounded by the DBR are expected to
have similarly.

To confirm these ideas, we have simulated the transm
tance of a dielectric FP resonator using the invariant emb
ding method. Assuming that the DBR consists of MgF2 (n1
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51.38)/ZnS (n252.35) stacks, we taken252.35 and
choosen151.18, 1.28, 1.38, 1.48, and 1.58. The refract
index and the length of the central dielectric layer betwe
two mirrors are taken asnd52 anddd5550 nm/(2nd), re-
spectively. Each dielectric mirror is assumed to consist
five periods of dielectric materials withd15550 nm/(4
31.38) and d25550 nm/(4n2). It becomes a perfec
quarter-wave stack only whenn151.38 and the resonan
wavelength is matched at 550 nm. The simulated transm
sion spectra are shown in Fig. 4. As expected, we find
the resonant mode becomes sharper and shifts to highe
quencies asn1 decreases. One can easily verify that th
variation of resonant frequencyv re is due to the fact tha
eachv re satisfies the relationf2ndddv re/c5mp (m is in-
teger!, wheref is the phase shift due to the reflection by t
dielectric mirror. From the close analogy between this beh
ior and that of the resonant mode formed in a magneti
plasma~Fig. 3!, we can see that the above phase relation a
governs the resonant frequency in the magnetized plasm

The analogy between the dielectric layer inserted in
magnetized plasma slab and the dielectric FP resonator
be also verified by comparing the dependence of reso
transmission of EM wave in the former on the thickness
magnetized plasma slabd with the dependence in the latte
on the number of the period of dielectric mirrorN. Figure
5~a! shows the resonant transmission of the magneti
plasma slab for RCP wave whend52d, 3d, and 4d, where
d is the penetration depth of magnetized plasma, which
'8 mm at v536 GHz when vp550 GHz and vc
55 GHz. The inset shows the dependence of resonant
quency ond. One can see that theQ factor ~resonant fre-
quency! of resonant mode increases~decreases! as d in-
creases. This behavior is originated from the change of
reflection of the EM wave by the magnetized plasma s
with the increase ofd. In general, the reflectance of the ma
netized plasma increases as the thickness of the magne

FIG. 4. Variation of the resonant transmittance of a FP reson
for different n1 values, 1.18, 1.28, 1.38, 1.48, and 1.58. The DB
of the FP resonator are assumed to be composed of five perio
alternating layers withd15550 nm/(431.38), n252.34, and
n2d25550 nm/4. The refractive index and the length of the cen
dielectric medium between the two dielectric mirrors are assum
to be nd52 and dd5550 nm/(2nd), respectively. Whenn1

51.38, the dielectric mirror becomes a quarter-wave stack D
and the wavelength of the resonant mode is matched at the cen
the reflection band of the mirror, i.e., at 550 nm.
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plasma increases and thus, theQ factor of resonant mode
increases asd increases. The phase shift for the EM wav
whose frequency falls within the natural PBG of the magn
tized plasma decreases asd increases. Hence, the resona
frequency satisfying the conditionf2ndddv re/c5mp
shifts to the lower frequency asd increases. Thus, the de
crease of resonant frequency is evidently due to the cha
of f by the increase ofd. One can see that the increase ofQ
factor and the decrease of the resonant frequency are n
saturated whend is larger than 4d. This is clearly due to the
fact that the reflection of the EM waves whose frequen
falls within the natural PBG by the magnetized plasma s
is nearly unchanged when the magnetized plasma is m
thicker than the penetration depth of the plasma. The dep
dence of resonant transmission of dielectric FP reson
with n151.58 ~Fig. 4! on the number of the period of th
dielectric mirror is shown in Fig. 5~b!. As N increases, theQ
factor of resonant mode increases and the resonant frequ
decreases. The inset shows the dependence of resonan
quency onN. One can easily notice that the dependence
Fig. 5~b! is very similar to that in Fig. 5~a!. This close simi-

or
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l
d

R
r of

FIG. 5. ~a! Variation of the resonant transmittance of the E
waves through the magnetized plasma slab for RCP waves whe
thickness of the magnetized plasmad52d, 3d, and 4d and vc

55 GHz andvp550 GHz, whered is the penetration depth of th
magnetized plasma. The inset shows the dependence of res
frequency ond. Note that the resonant frequency (Q factor! of
resonant mode decreases~increases! asd increases.~b! Variation of
the resonant transmittance of the FP resonator withn151.58 shown
in Fig. 4 when the number of the period of dielectric stackN55, 7,
and 9. The inset shows the dependence of resonant frequencyN.
Note that theQ factor ~resonant frequency! of resonant mode in-
creases~decreases! asN increases.
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larity is evidently due to the fact that the reflectance of
electric mirror ~the phase shift of reflected EM waves! in-
creases~decreases! asN increases. One can see in Fig. 5~a!
that the resonant transmission is persistent even when
plasma slab is much thicker than the penetration depth as
transmission via a defect mode does in a finite-size photo
crystal @Fig. 5~b!#. As d increases, the intensity of extern
EM wave reaching the inserted dielectric layer decays ex
nentially. For example, whend55d, it is '0.6%. But, the
intensity of resonant mode confined in the dielectric la
increases rapidly asd is increased, and the coupling betwe
the resonant mode and the external EM wave can be m
tained to show the resonant transmission, even whend is
much larger thand. The amplitude of electric field inside th
plasma slab at the resonant frequencies for RCP wave w
d52d, 3d, and 4d ~Fig. 6! clearly demonstrates that th
argument is correct. Thus it is clear that the coupling
tween the defect mode and the external EM wave app
similar in the two systems even though their reflecti
mechanisms are different from each other. It would be wo
emphasizing the difference between the resonant trans
sion of EM waves in the magnetized plasma with an inser
dielectric layer and that in dielectric FP resonator. Especia
the resonant transmission characteristics in the FP reson
composed of the quarter-wavelength stacks and the ce
half-wavelength dielectric layer are quite different fro
those in the magnetized plasma slab. When the numbe
the period of the quarter-wavelength stacks increases, thQ
factor of resonant mode increases but the resonant frequ
does not change. This is because the resonant mode
nodes at two interfaces between the central half-wavelen
dielectric layer and the quarter-wavelength stacks. Thus
phase shift due to the reflection is always zero regardles
the number of the period of the quarter-wavelength stac
Therefore, the resonant frequency of the FP resonator c
posed of the quarter-wavelength stacks and the central
wavelength dielectric layer does not change. In the mag

FIG. 6. Amplitude of electric field inside the plasma slab at t
resonant frequencies for RCP wave whend52d, 3d, and 4d and
vc55 GHz andvp550 GHz. Note that the coupling between th
resonant mode and the external source is maintained to show
resonant transmission, even if the thickness of magnetized pla
slabd is much larger than the penetration depth of the magnet
plasmad.
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tized plasma with an inserted dielectric layer, the EM wa
of resonant mode never has a node at the interface betw
the plasma and the dielectric layer, since the EM wave
ways penetrates inside the plasma. Thus, the phase shif
to the reflection is affected by the thickness of the plas
slab and the external magnetic field and the resonant
quency is changed by them.

The damping effects due to electron collisions in t
plasma can be taken into account by considering the c
with a finite t. For a typical laboratory plasma with th
electron densityne. 1012 cm23, the collision frequencyt21

has a value between 0.01 and 1 GHz@19#. In Fig. 7, we show
the resonant transmittance of an RCP EM wave fort21

50, 0.01, and 0.1 GHz andvc510 GHz. We find that the
damping reduces the resonant transmission slightly w
t2150.01 GHz, but rather severely whent2150.1 GHz.
We also find that the damping does not practically affect
frequency of the resonant mode even when it reduces the
of the transmittance. Recently, two of us have shown tha
slight absorption in a two-dimensional photonic crystal do
not practically affect the PBG edge frequencies@20#. It ap-
pears that the absorption or damping in a photonic cry
does not change the defect mode frequency as well as
PBG edge frequencies.

IV. CONCLUSION

In conclusion, we have shown that the introduction o
dielectric layer in a magnetized plasma gives rise to the re
nant transmission of circularly polarized EM waves in t
EM stop band, when the applied magnetic field is paralle
the propagation direction of the waves. It is shown that
resonant frequency can be easily tuned by an external m
netic field. TheQ factor and the frequency of the resona
mode increase~decrease! for the RCP~LCP! wave as the
magnetic field is increased. The damping effects due to e
tron collisions have also been discussed.
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FIG. 7. Resonant transmittance of RCP waves without~solid
line! and with the damping termt2150.01 GHz~dashed line! and
0.1 GHz~dotted line! whenvc510 GHz. Other calculation param
eters are identical to those employed in Fig. 3. The transmittanc
slightly reduced whent2150.01 GHz and rather severely whe
t2150.1 GHz. Note that the mode frequency is not changed.
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